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r~ves ou t. ; l Ot,; g . . . " e r ooo c "Cu l t i vat ion of a lgo rithms :e? laces =~n ce: :1. !: : t hi nk i~g a n~wri:i ng . "
e vi e w c: l leges and un ivers it ies i d e a ll y as places t hat d evelo p t~e ab i lity to t~i~k ana l yt i ca ll y , t o pr obe inci epe~c en t l y , to res: l ve the open-ended proo le~, t o wri te and s?ea k c :~3rL y.~h ou~h the ca talog may not mention t hem, t hese goals are in the~ac~of our minds when we p icture ourselves as tea chers. In the catalog we find descriptions of courses couched i n ter~s o! their content , such as:
Linear a lgebra. Matrices and l i near transformat ions, determ i na nts, complex number s ,~uadr3t ic forms hi s li s : , with i ts focus on t opics, ill us t r a t e s t he powe r c: o~r ve r sion of Gresham's l aw. W e C3n be sure t hat t he:e N~ll =e~e :~~i: i ons, t he orems and p roo! s , a nd al gor it~ms. Swe?t nd e : e~e =~ta l :; i s co nce:~with the de ve l o? ment of t he spite of our best intentions, the combination of curricUlum, syllabus, and schedule seems to assure the triumph of Gresham's pedagogic law.
Algorithms, of course, are good and must be taught.
After all, the world would be an unpleasant place if every time we added two fractions we had to discover the procedure from scratch.
But the temptation to emphasize drill over understanding is almost irresistable. It is much easier to teach the execution of an alogorithm than the ability to analyze. Furthermore, an algorithm can be described in just a few minutes and skill in its execution can be tested and scored easily.
Moreover, the incredible power of calculators and computers may entice us to shape our courses around them rather than around the students. As we incorporate these devices into our teaching, we must be sure that their role does not shift from servant to master and that skill in punching keys is not confounded with the ability to think and communicate.
The tendency for algorithm to displace reflection is not new. The student who shows up in our remedial or calculus class may already have experienced twelve years of robotics. Recently in my first-quarter freshman calculus class I assigned an exercise which asked the student to show that a polynomial of odd degree has 3 real root. The next day a student asked, "Could you work this prob lem?" Howeve r , concern wi th the disp lacemen t of thought by a l gor i t hm did no t beg in i n 1963 . In desc r ibing some of his ex periment s i n t he t e ac h i ng o f a r i t hme tic, L. P. Benezet , a s upe r i n te nce nt o f sc hoo ls, wr ote in 193 5 {II:
"r~r s~~~y e a r s I had not~d tha : c~e e~fec t of t he e~r l y introduction of arithmet ic had been to dull and almost chlor ofor: This conflict between the thoughtful and the mechanical is as ubiquito us as the conflict between good a nd evil. Once you are sensit ized to it, you see i t everywhere. In one mail deli very recentl y I fo und an ad for a college algebra text and a sample of a new j ou r na l . ·The ad included this reassurance :
" Nu mer ous a lgorithms for solving word problems are de veloped to help students learn and remember concepts."
So algorithm fi nally disposes of its arch enemy, the word problem .
There was an odd juxtaposition between this ad and the title of t he journal that came in the same batch of mail:
Teachi ng t hinking and problem solving, with the peculiar implica t i o n that we need not think to problem-solve.
There seem to be two separate wor lds. One is the world of Ma th Commissions with high asp irations, enrichment mater ials a t pub l is hers! booths, conferences on hu manistic mathematics, a rt ic les th at sho w ho w to teach thinking, books with the phrase "pr ob lem-s ol ving" in their titles, and the exc iting prefaces of 
Everyth ing seems t o co ns p i r e t o fa vo r algo ri t hm o ve r
tho ug ht . The sy l l ab us i s wo r ked ou t and expressed in terms of topic s , not i n ter ms o f processes. Texts, by the ir ve r y st r ucture, o f f e r answe rs be f ore t he stude nts have a bsor bed the qu e s tion s . Home work assig nmen ts dra w t he stude n ts' attent i on t o individual e xer c ises rat her th a n to under ly ing concep ts. To cap it of f , we 're s o bu sy o r t he cl a s s e s are so large tha t we read r.eith er th e da il y home work ( r e ad by undergradua tes), nor the midte rm s ( r s a d b y g r aduat e s t udents) . So, capti vated b y the c la rit y of o ur own l ectur e s, we assume th a t all is wel l .
t o r some tw elve y e a rs most students ha ve b e e n strapped to a ta b le.
So wond e r they can n ot walk on the ir own two feet . We must re member tha t t h ink ing in a ma t h ema t ic s c lassroom ma y b e a n o ve l o r at l e a s t u nu s u al e xper ience .
I n sp ite of th e s e obstacles, e xterna l and i nternal, there are acti ons we can take as individuals to sub vert Gresham 's pedagog ic l a w.
As we propose a day-by-day sy llabUS we can delete topics to pr o v ide more time to gi ve attention to "thinking ."
w. may even pr opose a n e wcour se whos e mai n pu rpose is th e c u lt i vation of the s t udent 's abi l i t y to a na l yze and write.
It c a n be s mug gled into th e c a t a log under the g u ise of, say, " d is c re te ma t h e ma t i c s . "
And wa ca n mak e a con sciou s choi c e as we begi n teach i n g a c ours e.~:~~e g o i n; to e mp h as i ze Ea=~s and algo rit hmic s k i l l s , hoping th a t incid en t ally the s t ude n ts will mature? Or a r e we going to e mphas ize ind epe ndence, ana l ys is, a nd commu nica ti o n , hop ing that al ong the way the students will pick up t he facts and alg orithmic s k ills?
In the f irst case we plan more in terms of ou r lectures, in te rms o f what we wi ll do . In the second c a s e we pl a n more in ter ms of t he hom e wor k , i n terms of what the students wi ll do.
In t he seco nd c a s e we wou ld examine the exe rc ises and ask An open -f i el d exer cise puts no blinde rs 'on the student. W e mig h t ask, "For which pos i t i ve integers n does x -1 divide n x -11 " An open-field exerc ise may not connect with the se c t i on c o ve r ed tha t day; it may no t e ven be re lated to t he cours e . Such an exerc ise may r e q ui r e a s t uden t to de vise e xpe r i m~n ts, ma ke a c on j e c t u r e , and pro ve i t . If it has all thr ee pe r t s , i t is a " t r i ex, " which is s hort for "e xp l.o r e , e x t r a c t, e xp la i n" o r for "try the unknown." But i t may ha ve onl y th e fir st two pe r t s , amo un t i ng to "find th e patt e r n. " Or i t may have on ly the l a s t two pa rts . For inst a nc e: "If a con t inuous f unc tio n daf ined on the x-a xis i s o ne -to -one mus t i t be a de c r e a s ing f unction or else an i nc r e a si ng fu nc ti on ?" Thi s co u ld be r e wo r d ed t o become just t he t h ird part of a te iex : "Prove that a on e-to -on e continuous function defined on t he x-ax is is either an increas i ng f un c tion or a decreasing function." Since experiments with such funct ions are not feasible, this exerc ise does not l e nd itself to the f ul l t r iex form. However, the f oll owi ng e xerc ise does. So the si~plest way to resist the assault of Gresham's law is to include exercises that are not simply routine. To do this, it helps to go beyond the usual ways we contrast exercises as "easy" versus "hard," "short" v~rsus "long," "new" versus "review," but to think in such dichotomies as "computation only" ve r s us "exposition required," or "closed field" versus "open field."
But choice of exercises comes late in the game. Other steps can be taken earlier.
1. Curriculum reform As we propose a new course or curriculum, we should think in terms of the student, not just in terms of the topics. The temptation is to make a neat outline of =~3~ters a~a sec~ions, l~aving skills in analysis and commu nicati on to de velop mag i ca l l y on t he ir own .
2. Plan n ing a co ur s e As we work ou t t he day-by-day s c hedu le of a c o ur s e we shou ld put concer n f or t he student's grow th a t l e a s t on a par with concern f or pa rt i c u lar t opics .
Thi s me an s th a t we ma y sacr i f ice some t radi t i ona l t opics to mak e time for othe r matt e r s .
3. Te xt s When wr i ti ng or adopti ng texts, we shou ld pa y a t t e nt i on t o t he e xer cises th a t pro v ide a n oppo r t un i t y to e xp l o re, conj ecture , and wr ite . Th is me an s che ck ing that there a r e enough open -fi el d e xerc ises .
Fe edback The s tude nt 's wor k on open-e nded
e xer c ise s requi re s mo r e c a r e fu l re ad ing a nd c rit i ci s m t ha n do r ou t i ne comp u t a t io n s . An .I n s e e ue e e e who d oes not ha ve the a s s ista nc e o f p r e~a tu r e l y wise u n d e r~r a du a t e s or graduate s t ude nts will h ave to read papers ca r e fu lly . This requires t i me.
These are a few ways to resist Gr e sha m' s law of mat hemat ica l pedagogy. Perhaps there i s another law that reads," If each of us tries, we can repeal Gresham's pedagogic law. "
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